We consider a lumped circuit model of an augmented electromagnetic railgun that consists of a gun circuit and an augmentation circuit that is inductively coupled to the gun circuit. The gun circuit is driven by a d.c. voltage generator, and the augmentation circuit is driven by an a.c. voltage generator. Using sample parameters, we numerically solve the three non-linear dynamical equations that describe this system. We find that there is a resonant behavior in the armature kinetic energy as a function of the frequency of the voltage generator in the augmentation circuit. This resonant behavior may be exploited to increase armature kinetic energy. Alternatively, if the presence of the kinetic energy resonance is not taken into account, parameters may be chosen that result in less than optimal kinetic energy and efficiency.
I. INTRODUCTION
The goal of the design of an electromagnetic launch system is often to maximize the kinetic energy of the armature (projectile) while keeping certain design criteria fixed. For example, in a simple electromagnetic railgun (EMG), we may want to maximize the armature kinetic energy while keeping the length of the rails fixed. An example of such a system is the high-performance EMGs planned by the navy for nuclear and conventional warships [1] [2] [3] , where the armature velocity must be increased while keeping the length of the rails fixed. One approach to increasing the armature velocity is to use some sort of augmentation to the EMG circuit. Various types of augmentation circuits have been considered [4] , including hard magnet augmentation fields [5] and superconducting coils [6, 7] .
In this paper, we consider a simple augmentation scheme consisting of a gun circuit that is inductively coupled to an augmentation circuit. The gun circuit, contains the rails connected to a d.c. voltage source, V g (t), that powers the rails and armature. (We assume a d.c. voltage source for the gun circuit because an a.c. voltage would have a lower average current and hence lead to a lower armature velocity.) The augmentation circuit has its own a.c. voltage generator, V a (t). Magnetic flux from the augmentation circuit couples to the gun circuit. See Figure 1 for a schematic layout. Figure 2 shows the equivalent lumped-circuit model that we are considering, including the switches that control the currents. A simplified model of augmentation has been previously considered, where the gun circuit was augmented by a constant external magnetic field [5] . In our work, we assume that a real augmentation circuit produces the magnetic field that couples to the gun circuit, and hence, the gun circuit is interacting with the augmentation circuit through mutual inductance, see Figure 2 . This coupling leads to a "back action" on the augmentation circuit by the gun circuit, resulting in a non-constant B-field acting on the gun circuit. Motion of the armature leads to variations of the self inductance and resistance in the gun circuit, leading to a complex interaction between the three degrees of freedom: the gun circuit, the augmentation circuit, and the mechanical degree of freedom (the armature).
The resulting dynamical system is described by three non-linear differential equations that are derived in Section II. We neglect the details of the velocity skin effect (VSE) that is believed to be responsible for limiting the performance of solid armatures, and is still the subject of research [8] [9] [10] [11] [12] [13] . However, the impact of the VSE is included on the dynamical system through the use of position-dependent inductance and resistance, L g (x) and R g (x), in the gun circuit. In this work, we use a lumped circuit model of an augmented EMG. We find that there are resonances in the magnitude of kinetic energy of the armature as a function of the frequency of the driving voltage generator in the augmentation circuit. These resonances depend on the switching time delay between augmentation and gun circuits and other parameters.
II. DYNAMICAL EQUATIONS
Consider an augmented railgun composed of an augmentation circuit with voltage generator V a (t) and a gun circuit with voltage generator V g (t). We assume that the circuits are inductively coupled, but have no electrical connection, see Figure 1 . The equivalent circuit for the augmented railgun is shown in Figure 2 . The motion of the solid armature leads to resistance of the gun circuit, R g (x), that changes with armature position x(t), and can be written as
where R g0 is the resistance of the gun circuit when x = 0, and R ′ g is the gradient of resistance of the gun circuit at x = 0.
Two dynamical equations for the augmented railgun are obtained by applying Ohm's law to the gun circuit and to the augmented circuit [14] :
where
and S a (t) and S g (t) are the voltage drops across the timedependent resistances, r a (t) and r g (t), introduced into the augmentation and gun circuits, respectively, by the switches S a and S g , see Figure 2 . These switches allow introduction of an arbitrary time delay between the current in the augmentation and gun circuits. We define the switching-on of the currents by two time-dependent resistances
where t a0 and t g0 are the times at which the switches are closed, and r a0 and r g0 are the switch resistances before the switches are closed, in the augmented and gun circuits, respectively. The total flux in the gun circuit, φ g , and the total flux in the augmentation circuit, φ a , can be written as
where I a and I g are the currents in the augmentation circuit and gun circuit, respectively, L a and L g , are the self inductances of the augmentation and gun circuits, respectively, and M ga and M ag are the mutual inductances, which must be equal, M ga = M ag = M (x). As mentioned previously, the self inductance of the gun circuit, L g (x), changes with armature position x(t). Also, the area enclosed by the gun circuit changes with armature position, and therefore, the coupling between the augmented circuit and gun circuit, represented by the mutual inductance, M (x), changes with armature position, x(t). Furthermore, in order for the free energy of the system to be positive, the self inductances and the mutual inductance must satisfy [15] M
for all values of x. Here, the coupling coefficient must satisfy |k| < 1. We can write the self inductance of the gun circuit as
where L g0 is the inductance when x = 0 and L ′ g is the inductance gradient of the gun circuit. Similarly, the mutual inductance between augmented circuit and gun circuit can be written as
where M 0 is the mutual inductance when x = 0 and M ′ is the mutual inductance gradient. For x = 0 and x = ℓ, where ℓ is the rail length, Eq. (10) gives
The coupling coefficient, k, can be positive or negative, and as mentioned above, must satisfy |k| < 1. The sign of k determines the phase of the inductive coupling between augmentation and gun circuits. Choosing the coupling coefficient k, and the two self inductances, L g0 and L a , Eq. (13) then determines the value of the mutual inductance, M 0 . Then, choosing a value for the rail length ℓ, and the self inductance gradient, L ′ g , Eq. (14) determines the mutual inductance gradient, M ′ . See Table I for parameter values used.
Two dynamical equations for the augmented railgun are obtained from Eq. (2)- (3) and the third dynamical equation is obtained from the coupling of the electrical and mechanical degrees of freedom [16] . Therefore, the three non-linear coupled dynamical equations for I g (t), I a (t) and x(t) are given by:
where V g (t) and V a (t) are the voltage generators that drive the gun and augmentation circuits. From Eq. (17), we see that the EMG armature has a positive acceleration independent of whether the gun voltage generator is a.c. or d.c. because the armature acceleration is proportional to I g 2 (t). The armature velocity is essentially the integral of I g 2 (t), and therefore a higher final velocity will be achieved for d.c. current, and associated d.c. gun voltage, V g (t) = V g0 , where V g0 is a constant. Of course, the actual current will not be constant in the gun circuit because of the coupling to the moving armature and to the augmentation circuit. We want to search for solutions where the armature velocity is higher for an EMG with the augmentation circuit than for an EMG without an augmentation circuit. In order to increase the coupling between the augmentation circuit and the gun circuit, we choose an a.c. voltage generator in the augmentation circuit:
where V a0 is the amplitude and f is the frequency of the augmentation circuit voltage generator.
As an example of the complicated coupling between augmentation circuit and gun circuits, we will also obtain solutions for a d.c. voltage generator for the augmentation circuit. As we will see, the gun circuit causes a back action on the augmentation circuit, leading to a non-constant current in the augmentation circuit.
We need to choose initial conditions at time t = 0. We assume that there is no initial current in the gun and augmentation circuits and that the initial position and velocity of the armature are zero:
For the special case when L In what follows, we solve the dynamical Eqs. (15)-(17) numerically for the case when the EMG and augmented circuits are coupled.
III. NUMERICAL SOLUTION
As described above, if we choose the parameters k, L a , L g0 , then M 0 is determined from Eq. (13) . Next, if we choose L ′ g and ℓ, then the inductance gradient, M ′ , is determined by Eq. (14) . See Table I for values of parameters used in the calculations below. The sign of the coupling coefficient, k, affects the interaction of the augmentation and gun circuits in subtle ways.
In order to get a large increase in armature kinetic en-
The equivalent circuit is shown for the augmented railgun in Figure 1 . Magnetic flux from the augmentation circuit couples to the gun circuit through mutual inductance M (x). The self inductance of the gun circuit, Lg(x), the mutual inductance, M (x), and the resistance, Rg(x), are functions of the armature position, x(t). The voltage drops of the switches, Sa(t) and Sg(t), are defined in Eq. (4) and (5).
ergy, the flux from the augmentation circuit must induce a large rate of change of magnetic flux in the gun circuit, leading to a large externally induced emf in the gun circuit.
Using values of parameters shown in Table I , using a d.c. generator in the gun circuit of magnitude V g0 = 800 kV, and using an a.c. generator in the augmentation circuit given by Eq. (18) with amplitude V a0 = 800 kV, we numerically integrate the dynamical Eqs. (15)-(17) to obtain the current in the augmentation circuit, I a (t), the current in the gun circuit, I g (t), and the armature position, x(t), at a given frequency f of augmentation circuit voltage generator. At time t f , the armature reaches the end of the rails and attains its highest velocity, which provides the boundary condition relating t f and the length of the rails, ℓ:
IV. KINETIC ENERGY RESONANCE
When the armature reaches the end of the rails at t = t f , energy is stored in three places. Energy is stored in the magnetic field in the augmentation circuit:
Energy is stored in the magnetic field in the gun circuit:
and energy is stored in the armature kinetic energy, Energy is also stored in the mutual inductance between the augmentation circuit and gun circuit:
The EMG shot is a transient phenomenon, not a steady state phenomenon. Furthermore, the dynamical Eqs. (15)- (17) are non-linear, and hence do not have a simple resonant condition. Never-the-less, we found that the armature kinetic energy has a resonant behavior as a function of the frequency f of the driving voltage in the augmentation circuit, see Eq. (18). Figure 3 shows a plot of the kinetic energy of the armature, E k , as a function of the frequency f of the voltage generator of the augmentation circuit, see Eq. (18). The integration of the dynamical Eqs. (15)- (17) is started at initial time t = 0. In Figure 3 , the switches in the gun circuit and augmentation circuit were closed at the same time: t g0 = 0 and t a0 = 0. For the values of parameters in Table I , the armature kinetic energy has a maximum of 201.6 kJ at frequency f = 204 Hz, and a minimum of 107.2 kJ at frequency f = 98 Hz, which is an 88% variation in kinetic energy with driving frequency f .
Typically, resonant phenomena occur in a steady state. The EMG shot is a transient phenomena. However, Figure 3 shows that armature kinetic energy has an intrinsic resonance as a function of the driving frequency of the augmentation voltage generator. It is clear that a resonant condition exists for the armature kinetic energy.
At time t = t f , the energy stored in the inductance in the gun circuit, E g , and the energy stored in the augmentation circuit, E a , are plotted as a function of driving frequency, f , in Figure 4 and 5, respectively. It is clear that when the armature kinetic energy is a minimum, the energy stored in the gun circuit inductor is not a maximum. Instead there is a complicated partition between energy stored in the gun circuit inductor, in the augmentation circuit inductor, and in armature kinetic energy. In Figure 6 , we plot the time-dependence of the dynamical variables at the frequency f = 98 Hz at which the kinetic energy has a minimum value E k = 107.24 MJ. The time for the shot is t = t f = 5.52 ms. For this case, the armature velocity is 3.27 km/s.
For the kinetic energy maximum that occurs at f = 204 Hz in Figure 3 , the time-dependence of the dynamical variables is shown in Figure 7 . Figures 6 and 7 show that there is a complicated interaction between the currents in the augmentation and gun circuits.
V. ENERGY CONSERVATION AND EFFICIENCY
The total energy that is input into the EMG system, E in , during the shot time 0 ≤ t ≤ t f , is given by the sum of energy input into the augmentation circuit and gun circuit,
During the shot time, energy is dissipated in the augmentation circuit resistance
and in the gun circuit resistance, which depends on armature position:
Conservation of energy is expressed by
where the terms are defined in Eq. (24)-(31).
We have verified that our numerical solutions satisfy energy conservation to an accuracy
. The efficiency, η, of the augmented EMG is given by the ratio of armature kinetic energy to input energy:
When the armature kinetic energy is a minimum, at f = 98 Hz, the EMG efficiency is η = 0.00245, see Figure 3 . When the armature kinetic energy is a maximum, at f = 204 Hz, the efficiency η = 0.00453. So the efficiency at the kinetic energy maximum is 1.84 times the efficiency at the kinetic energy minimum.
VI. LARGE KINETIC ENERGY RESONANCE
When designing an augmented EMG, care must be taken in the choice of parameters. Certain parameter values lead to a strong kinetic energy resonance, see Figure 8. For example, if the frequency of the augmentation voltage was chosen to be 30.8 Hz rather than d.c. , then we would obtain a kinetic energy that is 5.7 times larger, see Figure 8 . Alternatively, since we do not know the precise values of the parameters in our experiments, we may find that we are in a regime of strong kinetic energy resonance, and that the armature kinetic energy is Figure 3 , the armature position, x(t), the armature velocity, v(t) =ẋ(t), augmentation circuit current, Ia(t), and gun circuit current, Ig(t), is plotted as a function of time. In the current plots, red line is gun current Ig(t) and blue line is augmentation circuit current Ia(t). These quantities correspond to Figure 3 , where the gun circuit switch is closed at tg0 = 0 and the switch in the augmentation circuit is closed at ta0 = 0. For this case, t f = 5.52 × 10 −3 s. Note that the plots are only valid for 0 ≤ t ≤ t f .
non-optimal. Also, in the regime of a strong kinetic energy resonance, the efficiency of the EMG varies strongly with frequency. For example, in Figure 8 , we calculated the efficiency at f = 0 (defined by Eq (33)) to be η = 1.3 × 10 −4 , while at f = 30.8 Hz, the efficiency is η = 9.0 × 10 −4 .
VII. TIME DELAYED SWITCHING
Changing the switch-on time of the gun circuit and the augmentation circuit, by changing t a0 and t g0 , causes small variations in the position of the first minimum and maximum of armature kinetic energy. For example, when we switch on the gun circuit at t g0 = 0 and delay switching on the augmentation circuit to t a0 = 3.0 × 10 −3 s, the resulting armature kinetic energy, E k , is plotted in Figure 9 . For this case, the armature has kinetic energy maximum, E k = 206.658 MJ, which occurs at f = 0 Hz, i.e., which is a d.c. driving voltage in the augmented circuit. The first armature kinetic energy minimum, E k = 125.773 MJ, occurs at f = 98 Hz. The next kinetic energy maximum, E k = 200.18 MJ, occurs at f = 202 Hz.
At f = 0, the d.c. driving voltage of the augmentation circuit in Figure 9 , the time-dependence of the dynamical variables is given in Figure 10 . The armature attains velocity is 4.47369 km/s, and the armature kinetic energy is 200.139 MJ.
VIII. IMPROVEMENT DUE TO AUGMENTATION
When the coupling coefficient is set to zero, k = 0, the augmentation circuit is decoupled from the gun circuit. The augmentation circuit is then simply an L − R circuit driven by a voltage source. The gun circuit has no interaction with the augmentation circuit. The results of integrating the dynamical Eqs. (15)- (17) is shown in Figure 11 . The augmentation circuit has the standard current oscillations of an a.c. driven L − R circuit. The gun circuit has a current that initially increases and then decreases as energy is transferred to the armature. For this case when the circuits are decoupled, k = 0, the armature reaches the end of the rails at time t f = 5.54 ms and has velocity v(t) =ẋ(t) = 3.994 km/s and kinetic energy, E k = 159.556 MJ. For the augmented EMG, the kinetic energy of the armature for a 3 ms delay was E k = 206.658 MJ, see Section VII. Without augmentation, the kinetic Figure 3 , the armature position, x(t), the armature velocity, v(t) =ẋ(t), augmentation circuit current, Ia(t), and gun circuit current, Ig(t), is plotted as a function of time. In the current plots, red line is gun current Ig(t) and blue line is augmentation circuit current Ia(t). These quantities correspond to Table I . For this parameter set, the kinetic energy has strong oscillations indicating that there is a resonant behavior. The gun circuit and the augmentation circuit switches were closed simultaneously at tg0 = 0 and ta0 = 0 . energy of the armature for was E k = 159.556 MJ. Therefore, the improvement in kinetic energy for these parameters is 29.5%. Figure 9 , the armature position, x(t), the armature velocity, v(t) =ẋ(t), augmentation circuit current, Ia(t), and gun circuit current, Ig(t), are plotted as a function of time. In the current plots, red line is gun current Ig(t) and blue line is augmentation circuit current Ia(t). These quantities correspond to Figure 9 , where the gun circuit switch is closed at tg0 = 0 and the augmentation circuit is closed at ta0 = 3.0 × 10 −3 s. For this case, t f = 5.479 × 10 −3 s. Note that the plots are only valid for 0 ≤ t ≤ t f .
The efficiency, defined by Eq. (33) is η = 0.00388679. Note that the energy of the augmentation circuit is in the denominator in Eq. (33), thereby making the efficiency of the gun circuit seem smaller for the case when the circuits are decoupled. If we define the efficiency for a decoupled gun to be
which only includes energies of the gun circuit, then η ′ = 0.005316, which is larger than for the augmented gun case, see the discussion following Eq. (33).
IX. SUMMARY
We have considered a lumped circuit model of an augmented electromagnetic gun having a single augmentation circuit driven by an a.c. generator. The augmentation circuit is inductively coupled to the gun circuit, which is driven by a d.c. voltage generator. Using example numerical parameters, we have solved the three non-linear dynamical equations for the augmentation circuit current, the gun circuit current, and the armature position and velocity as a function of time. We have found that the armature kinetic energy has oscillations in magnitude as a function of the driving frequency of the voltage generator in the augmentation circuit. These oscillations constitute a resonance in armature kinetic energy, which may be exploited to increase armature energies. For some values of parameters, the augmentation circuit only provides a small increase in armature kinetic energy over an EMG with no augmentation, see Section VIII, and therefore one may, or may not, want to use such an augmentation circuit in an EMG design. However, for some values of the parameters in the augmented EMG, we find that the resonance leads to an armature kinetic energy that is 5.7 times larger at the peak than at the minimum of the resonance curve. If augmentation is used, the presence of the kinetic energy resonance should be taken into account, otherwise parameters may be chosen that result in less than optimal EMG kinetic energy and efficiency.
We have demonstrated that a kinetic energy resonance exists in an EMG with a single augmentation circuit, however, we suspect that there will exist similar resonances in kinetic energy for other augmentation schemes. The detailed physics of such resonances should be carefully explored in order to optimize the armature kinetic energy and system efficiency. x(t), the armature velocity, v(t) =ẋ(t), augmentation circuit current, Ia(t), and gun circuit current, Ig(t), are plotted as a function of time. In the current plots, red line is gun current Ig(t) and blue line is augmentation circuit current Ia(t). These quantities correspond to Figure 9 , where the gun circuit switch is closed at tg0 = 0 and the augmentation circuit is closed at ta0 = 3.0 × 10 −3 s. For this case, t f = 5.479 × 10 −3 s. Note that the plots are only valid for 0 ≤ t ≤ t f .
